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1 I N T R O D U C T I O N 

In the last decade the sub-seasonal variations of polar motion and length of day con-
taining oscillations with periods shorter than half a year have been investigated and their time 
variations have been found. Correlations in the time domain between sub-seasonal variations 
of Earth rotation and sub-seasonal variations of effective atmospheric angular momentum func­
tions were determined and studied. A comprehensive list of references is given by KOLACZEK et 
al. (2000). 

Today, besides the Standard Fourier analysis of which the foundations will be given in the second 
section of this paper, the wavelet analysis is a very powerful method for analysing time series 
such as Earth rotation data. In the main part of the paper the wavelet cross-covariance funetion, 
the wavelet cross-scalogram, the wavelet cross-correlation funetion and the normed coherency 
will be defined. These are excellent tools for the comparison of polar motion and length of day 
(LOD) time series with atmospheric angular momentum (AAM) time series. Examples will be 
given for the short-period ränge, i.e. for periods between 5 and 150 days (for LOD) and between 
5 and 60 days (for polar motion). 

2 F O U R I E R A N A L Y S I S 

First we assume that a wide sense stationary and ergodic time series or stochastic signal 
x(t) is observed within the time intervall T = t2 - t\ with t\ < t < t2. Generally, a process 
is called stationary if the mean or expected value funetion E[x(tj] = /xx is a constant and 
the autocovariance funetion l?[(x*(ti) - jz*) (x(t2) - / ix)] = Cx(r) depends only on the time 
difference r = t2 —1\. Without loss of generality we assume that the signal x(t) is of zero mean. 
Thus, the Fourier transform reads 

XT{M = I x(t) e-iui dt. (2.1) 

IERS(2000) Technical Note No 28. 

mailto:schmidt@dgfi.badw.de


74 

Estimations Cx{r) and 5z(w) of the autocovariance funetion CX{T) and the Fourier spectrum 
Sx(u) are given by 

CX{T) = I / 2 T **(*) *(* + r)dt, (2.2) 

5 x H = ^ | ^ r ü ' w ) | 2 (2.3) 

with Cx(-r) = C x ( r ) for 0 < r < T. x*(£) denotes the conjugate complex funetion of x(t). 
Analogously to the t ime series x(t) we introduce the stationary and ergodic signal y(t) with the 
expected value funetion ßy = 0 and the autocovariance funetion E[y*(t) y(t + r ) ] = Cy(r). An 
estimation SXiy(JLü) of the Fourier cross-spectrum SXiy(ju>) is given by 

Sxjju) = J CX,V(T) e-*"" dr = ± X}(ju) YT(JOJ) , (2.4) 

where the funetion 

rt2-T 
Cx>yCr) = ^ f2 T x*(t)y{t + T) dt (2.5) 

with CX,V{—T) = C*X{T) and 0 < r < T is an estimation of the cross-covariance funetion 
CXJ,{T). The complex-valued funetion 

Sx,y(ju) 

{Sx(u)Sy(u)Y 
r*«(j") = , „ ; : r : W 2 (2.6) 

with 0 < | rX iy(ja;) | < 1 is a measure for the similarity of the two processes x(t) and y(t) in 
dependence on the angular frequency UJ. 

3 M O R L E T W A V E L E T A N A L Y S I S 

The continuous wavelet transform of the stationary stochastic signal x(t) - introduced 
in the last section - is defined by 

* r ( M ) = I *(<) <&(<) <**, (3-1) 

where a denotes the scale parameter and b the shift parameter. The functions 

^a,6(t) = | a | - 1 / 2 v ( ^ ) (3-2) 

are computed from the wavelet funetion ip(t) which is restricted to the admissibility condition 
JJRV'CO dt = 0. In geodetic and geophysical applications the complex-valued Morlet wavelet 
funetion 

1>(t) = e ^ o t (e~ t2l2<j2 - 2 e " ^ "2/4 e-*2 /*2 ) (3.3) 

is often used. If we choose LÜQ = 2n for the constant LÜQ the value of the scale parameter a 
is approximately equal to the period time ^~; see e.g. (SCHMIDT 1996). The constant a > 1 
defines the shape of the envelope of the Morlet wavelet funetion. Because of the admissibility 
condition the expected value funetion of the wavelet transform of a stationary signal is always 
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equal zero. Thus, an estimation of the autocovariance funetion E [X*(b\, a) X(b2, a)] = Cx {ß, o) 
of the wavelet transform is given by 

rT 
CX(M= f Cx{r) Caß{r) dr (3.4) 

where ß = b2 — &i is the difference between the two values 61 and b2 for the shift parameter b 
( S C H M I D T 2000). T h e so-called zeta-funetions 

CaA-r) = / V M W < T ( « ) * = ^(~^) (3-5) 
JJR. a 

are computed from the wavelet funetion ^{t). Because ofthe fact t h a t the funetion £(r ) satisfies 
the admissibility condition, we conclude from equation (3.4) tha t the autocovariance funetion 
Cx{ß, a) of the wavelet transform (3.1) is obtained by a wavelet transform of the autocovariance 
funetion Cx(r) by means of the wavelet funetion C( r)- In the case of the Morlet wavelet funetion 
(3.3) the zeta funetion reads approximately 

C(r) = v ^ d e ^ 0 T
 e - r 2 / 4 £ r 2 . (3.6) 

Besides formula (3.4) a second representation o f the estimated autocovariance funetion Cx{ß,o) 
is given by 

C*G8,a) = i / Xt.(b,a)XT{b + ß,a)db (3.7) 
1
 JJR 

(SCHMIDT 2000). Thus , for ß - 0 the wavelet scalogram 

Wx(b,a) = \XT(b,a)\2 (3.8) 

may be interpreted as the energy density funetion depending on the shift parameter b and the 
scale parameter a; see e.g. ( K U M A R and F O U F O U L A - G E O R G I O U 1994, p.13). 

Again we introduce a second stationary stochastic signal y(t) and define - corresponding to the 
equations (3.4) and (3.7) - the estimation 

CxAß,°) = f_ Cx,y(r) £tß(T) dr = i J X$(b,a) YT(b + ß,a) db (3.9) 

of the cross-covariance funetion Cx,Y(ß^a)' According to (3.1) Yr{b,a) denotes the wavelet 
t ransform of the process y(t). Analogously to (3.8) the complex-valued funetion 

WXiV(b, a) = X£(6 , o) y r ( 6 , a) (3.10) 

is called the wavelet cross-scalogram. Finally we define the cross-correlation funetion 

PX,Y{P,O) = „ , x / x (3.11) 

wi th 0 < \px,Y{ßi a)\ < 1 depending on the difference ß = b2 - 6i and the scale parameter a. For 
/3 = 0 the Square of the cross-correlation funetion px,y(0 ,a) = r x , y ( o ) is denoted as the normed 
coherency o f the wavelet transform. Estimates for the cross-covariance funetion Cxy{ß>a) and 
the variances C x ( 0 , a ) = <J2

x{a) and Cy(0 ,a ) = cry(a) are calculated from the equations (3.7) 
and (3.9), respectively. 
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4 N U M E R I C A L E X A M P L E S 

If the value of the Square |WX)2/(6, a)\2 = Wx(b,a)Wy(b,a) ofthe wavelet cross-scalogram 
(3.10) is equal to zero, we cannot decide whether only one ofthe wavelet scalograms Wx(b, a) and 
Wy(b,a) is zero or both. Thus , the process of comparing two signals x(t) and y(t) includes the 
computat ion both the squared cross-scalogram and the normed coherency defined in the context 
of equation (3.11). This will be demonstrated by the following examples, which are based on the 
da ta sets of length of day (LOD), polar motion and atmospheric angular momentum (AAM). 
LOD and polar motion were taken from the IERS C04 series for the years 1980 tili 1998. The cor­
responding AAM series derived from global meteorological data by N C E P (National Center for 
Environmental Prediction) was also provided by IERS (series aam.ncep.reanalysis. 1958.1999). 

In the first example we compare the LOD-data set with the X3~data set of AAM. In the second 
example polar motion 

x(t) = xi(t) - j x2(t) (4.1) 

is compared with the AAM-data sets of x i and X2 combined to the complex funetion 

v(t) = Xi(t)+3X2(t). (4.2) 

xi(t) and x2(t) are the t ime series of the pole coordinates. The minus sign in (4.1) has to be 
considered because of the orientation of t he coordinate System. The procedure is divided into 
three par ts : First we compute the wavelet scalograms Wx{b,a) and Wy(b, a) o f the two signals. 
In the next step we calculate the Square of the wavelet cross-scalogram WXj2/(6, a) as the produet 
of the two scalograms. Finally, the normed coherency | r x , y ( a ) | 2 is computed. The results -
ealculated with uo = 2n and er = 2 for the constants in the Morlet wavelet funetion (3.3) and 
the zeta funetion (3.6) - are visualized in the figures 1 to 3 and can be summarized by: 

1. Comparison of LOD with X3-data set (fig. 1): There is obviously a very good agreement of 
the wavelet scalograms for periods longer than 35 days. The normed coherency amounts 
more than 0.9; further peaks are detected clearly at 20 days with a normed coherency of 
~ 0.6 and at 10 days with a normed coherency of ~ 0.2. 

2. Comparison of polar motion with xi-> X2-data sets (fig. 2,3): The results are presented 
below in table 1. 

prograde motions 

period [d] 

48 
38 
29 
17 

9 

nor. coherency 

~ 0 . 5 4 
~ 0 . 5 2 

~ 0.42 

~ 0 . 3 5 

~ 0 . 2 0 

retrograde motions 

period [d] 

-58 
-42 
-20 
-14 

-8 

nor. coherency 

~ 0 . 4 2 
~ 0 . 4 3 
~ 0 . 5 5 
~ 0 . 4 4 

~ 0 . 3 0 

Table 1: Results of comparison between polar motion and AAM time series 
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5 C O N C L U S I O N S 

When interpreting the figures 1-3 the following conclusions can b e drawn: 

1. T h e irregulär short-period variations of LOD between 35 days a n d 150 days are mainly 
caused by atmospheric excitations; the normed coherency is between 0.90 and 0.96 (see 
fig. i ) . 

2. Atmospheric influences with periods as short as 20 days and 10 days on LOD can be seen, 
which is demonstrated by a normed coherency of 0.6 and 0.2, respectively (see fig. 1). 

3. T h e irregulär short-period variations of polar motion are partially caused by atmospheric 
excitations (maxima at prograde periods of 48, 38, 29,17 and 9 days and retrograde periods 
of -58, -42, -20, -14 and -8 days) with a normed coherency between 0.2 and 0.55 (see fig. 
2,3). 

4. T h e variations with very short periods (shorter than ±25 days) are bigger in AAM than 
in polar motion (relative to long periods) (see fig. 2,3). 

5. For the very short periods (shorter than ± 2 5 days) the retrograde polar motions are 
comparatively bigger than the prograde motions. This can be seen even better when those 
pa r t s ofthe wavelet scalograms (fig. 2,3) i.e. for periods shorter t h a n ±25 days are plotted 
only (not shown here). 

6. A considerable fraction of the very short retrograde polar motions is caused by atmospheric 
excitation which can be derived from the relatively high normed coherencies in the period 
ränge shorter t h a n —25 days. According to table 1 the biggest value for the normed 
coherency between the polar motion and the AAM series is obtained for retrograde motions 
wi th a period of —20 days (normed coherency ~ 0.55). 

7. In future we will consider scale-dependent t ime delays between t h e observed data sets and 
the excitation functions according to equation (3.9). 
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W a v e l e t s c a l o g r a m s 

LOD - data set (1980 -1998) AAM - data set (1980 -1998) 
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Figure 1: Comparison of LOD-da ta set with AAM X3-da.ta set 
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W a v e l e t s c a l o g r a m s ( p r o g r a d e ) 

polar motion (1980 -1998) AAM - data set (1980 -1998) 
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Figure 2: Comparison of polar motion with AAM xi-? X2-data sets (prograde) 
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W a v e l e t s c a l o g r a m s ( r e t r o g r a d e ) 

polar mot ion (1980 -1998) AAM - data set (1980 -1998) 
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Figure 3: Comparison of polar motion with AAM xi-> X2-data sets (retrograde) 


